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710. 


ON A DIFFERENTIAL EQUATION. 


[From Collectanea Mathematica: in memoriam Dominici Chelini, (Milan, Hoepli, 1881), 
pp. 17—26.] 


In the Memoir on hypergeometric series, Credle, t. xv. (1836), Kummer in effect 
considers a differential equation 


(ot 2b'2 +c) de (oa + 2bæ +c) da* 
2(z-1) ha K eas 


viz. he seeks for solutions of an equation of this form which also satisfy a certain 
differential equation of the third order. The coefficients a, b, c are either all arbitrary, 
or they are two or one of them, arbitrary; but this last case (or say the case 
where the function of æ is the completely determinate function «+ 2bæ +c) is scarcely 
considered: a’, b’, e are regarded as determinable in terms of a, b, c} and z is to 
be found as a function of æ independent of a, b, c: so that when these coefficients 
are arbitrary, the equation breaks up into three equations, and when two of the 
coefficients are arbitrary, it breaks up into two equations, satisfied in each case by 
the same value of z; and the value of z is thus determined without any integration: 
these cases will be considered in the sequel, but they are of course included in the 
general case where the coefficients a, b, c are regarded as having any given values 
whatever. 


Writing for shortness X = az*+2be+c, in general the integral 
Nda 
DVX’ 
where D is the product of any number n of distinct linear factors «—p, and N is 


a rational and integral function of æ of the order n at most, and therefore also the 
integral 


mien, 
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where N is now of the order n—2 at most, is expressible as the logarithm of a 
quasi-algebraical function, that is, a function containing powers the exponents of which 


are incommensurable (for instance, N2 is a quasi-algebraical function): in fact, the integral 


is of the form 
A B da 
M TE eee "EE 
K Tome eng. E 


where each term is separately integrable, 


EE gie 

ie ag law tb + Va. VX}, 
da nly ee Freed 8 
@—p)VX dÉ" op ; 


where P is written to denote ap?+2bp+c: the integral is thus =log Q, where Q 
is a product of factors 


(ap +b)a+(bp+c)+VP.VX 


az+b+Va. VX, ? etc., 
wg 
` M -A ; ’ r E 
raised to powers SET eg etc.: hence, if we have a differential equation 
Va S 
Wide _ Nde |. N'NZde Nd 
DNZ DVX’ HI dré 


where Z(=a'2+2b'z+¢’), and N’, D’ are functions of z such as X, N, D are of 
æ; then, taking log C for the constant of integration, the general integral is 


log QO’ = log C + 10g Q: 
viz. we have the quasi-algebraical integral Q — OO =0. 


The constants a, b, c, p, q,... etc. may be such that the exponents are rational, 
and the integral is then algebraical: in particular, for the differential equation 


V+ 14e+1dze_ ot 14w + ld 


RE TC KREE a, 


the general integral is in the first instance obtained in the form 


(g+1+VZ)(2-1) _ get 14+VX)(«—1) 
V2(22+2+VZ) Va (2a +24+VX)P 


which, observing that (2% + 2}¥ — X =3(#—1)?, may also be written 


(z +1) (2-344 1)+ZVZ _ og @t 1) (æ — 34a +1) + XVX 
eis Ip Ve (a —1)? 
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I had previously obtained the solution 


SÉ (: -Vv a 
VEVDE 
and I wish to show that this is, in fact, the particular integral belonging to the value 


C=1 of the constant of integration: for this purpose I proceed to rationalise the general 
integral as regards z. 


Writing for a moment 
P=(z + 1) (2-342 +41), 


Q=(2+ 1424 1)V24 14241, 
R=MVz(z-19, 


where 
uac@tHDe@- Sew +1) + (a? + lie + UVa? + 14 +1 
Vax (æ— 1%} 


the integral is P+Q+R=0; or rationalising, it is 
GË? = Q — 2R2 CEA Sk Wal + Rt=0 


we have 
=(1, — 66, 1023, 2180, 1023, — 66, 1%z, 1), 


Q@=(1, 42, 591, 2828, 591, 42, Les, 1%, 
and thence 
P?—Q?=(0, — 108, 432, — 648, 432, — 108, 0%z, 1), 


= — 108z (2 - 1%; 
P?+ @=2(1, — 12, 807, 2504, 807, — 12, 1%z, 1). 
Writing the equation in the form 
P- 
P+ @)— Ale EO] =o, 
it thus becomes GE 
(1, —12, 807, 2504, 807, —12, 1%z, (reis 1 {ae +‘ {=o 


where M has its above-mentioned value; and if we now assume C'=1, then 


(æ + 1) (a? — 34a + 1) + (a? + Lier + 1)V + 140 + l 
Vax (a —1) 


108 _ (w+ 1) (w* — 34a + Uert Me + IVa? + 14e + 1 
C Es Va (e — 1} 


M= 


and thence 
2 
M Set sid (ar ar) 216, =4 (a@ + 1)?(a#? — 34a +1) +216, 


Ma RE a(a—1) 


=————— .(1, — 12, 807, 2504, 807, —12, 1G, 1): 
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and the rationalised equation is 
(1, — 12, 807, 2504, 807, — 12, 1Qz, 1) 


eA ae 


RTE Ste —12, 807, 2504, 807, —12, 1%w, 1) =0. 


This is a sextic equation in z, of the form 


GË? r =) 1 A 
ei Als vr +u(z+7)+v=0, 


where 
À, y, v=—12-0, 807440, 2504-6Q, 


if Q denote the function of æ which enters into the equation; and writing en =f, this 


becomes 
& —30+2r%(P—2)4+y0+v=0. 


But the equation in z is satisfied by the value z=a, and therefore the equation in d by 
the value daat S =a suppose, we have therefore 
a —3a+nr(a?—2)+ pa+v=0, 
and thence subtracting, and throwing out the factor 0 — a, 
P+ O6a+e0—34+2rA(O+a)+y=0; 


viz. writing for A. u, æa their values, this is 
+0 (0+2-12-0)+at—1 +5 —(#+2)(12+0)+807 + 40-0, 
or, what is the same thing, 


P+O (e—12+ Q) +- 120+ 806 En a-(-4-2)9=0, 
& ow æ 


where 


=g yll — 12, 807, 2504, 807, — 12, 1%a, 1). 


a(x 


Hence in the quadric equation, the coefficients, each multiplied by (w— 1), are 


Ge — 1)! (2-12 +2) =a, —12, 807, 2504, 807, —12, 1%, 1), 


and 
/ Age 
—~1)(a—13 EE 
(a —1) ky 122 + 806 Pai 3 


Le 1\ 
oe [o> ah (1, — 12, 807, 2504, 807, — 12, 1s, 1%, 


which are respectively rational and integral quartic functions of æ; and, writing for @ its 
value, the equation finally is 
4 dint — 
R e (1, 188, 646, 188, (äs, 1) 44 644, 3334, — 644, 1%, (ez 
Le («— 1) 
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Writing 
Aen _1-€ LEE l-i l+ H gg 
E=/a, tes EE Ee SE SEN (¢=V-1 as usual), 
this is 


(2— A*) (z— BY) (z— C4) (z - D) =0, 


or, what is the same thing, 


len tre Heti- Doh =o, 
that is, 
(2+5) -(2+5) (d+ B+ © + Dt) + (41+ BY (Œ+ D)=0; 
for we have 


9 
4 (A! +B) =U) 28, 70, 28, (ut A 


ETI 
e _ (1, —28, 70, — 28, 1%, 1) 
Re EFI 


And substituting these values, the coefficients will be rational functions of £, that is, of 
x, and it is easy to verify that they have in fact their foregoing values. 


It thus appears that for C=1, besides the values æ and > we have for z only the 


viz. that the only solution is 


values 


ECH 


The example shows that although the differential equation 


Na'z + 2b'z + c'dz a Vaa + 2ba + cde 
z(z—1) Ge a(a—1) 


can be integrated generally in a quasi-algebraical or algebraical form as above, yet 
we cannot from the general solution deduce, at once or easily, the various particular 
integrals comprised therein: nor can we find for what values of the constants a, b, c 
and a’, b’, d the differential equation admits of a simple solution, or say of a solution 
where z is expressed as an explicit (irrational) function of æ. 


In the cases considered by Kummer there is a second (or it may be also a 
third) differential equation of the like form, the equations being each of them satisfied 
by the same value of z: hence eliminating the differentials dx, dz, the relation between 
æ and z is of the form 

ue 
NV Q’ 
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where P, Q are quadric functions of æ; D. Q quadric functions of z But P and 
Q may contain a common factor, and the integral is then expressible in the form 


éi e ; l 
g= o: the quotient of two quadric functions of z; or P’ and Q’ may have a common 


factor, and the integral is then expressible in the form z= > the quotient of two 
quadric functions of æ; or there may be a common factor of P, Q, and also a common 
factor of P’ and Q’, and the integral is then of the form BEE) the quotient of two 
linear functions of o. 


‘In the general case the differential equation is 


A (aP +b) de _ (aP + bQ) da? 
2(z-1P aay” 


where a, b are arbitrary constants, A is a constant the value of which can in each 
: ; E g P > 
particular case be at once determined; so when the integral is ze the differential 


equation is 
à (az + b) d _ (aP + bQ) da? 
S a elena ly’ 


where a, b are arbitrary constants, but A is now a linear function of z the value 
of which can in each particular case be at once determined. When the integral 


is Ze S , the differential equation is 
A (az? + 2bz + c) d2? _ (aL? + 2bLM + cM’) da? 
Fair e lees 


containing the three arbitrary constants a, b, c; A is a constant the value of which can 
be at once determined. 


There are in ail 6 integrals of the form DEE? for which the differential equation 


: P 
contains three arbitrary constants: 18 integrals of the form z= g (and of course the 


d P Di 


same number of integrals of the form el and 9 integrals of the form OO: for all 


of which the differential equation contains two arbitrary constants. It is to be remarked 
that Kummer, considering the values of z as a function of æ, obtains the 72 rational and 
irrational values mentioned in his equations (31), (35), (36), (87), (38), and (39): but the 
72 values are made up as follows, viz. the 18 values of z as a rational function of æ, the 
36 irrational values obtained from the 18 expressions of # as a rational function of z, and 
the 18 irrational values of z obtained from the 9 integrals in which neither of the 
variables is a rational function of the other: 18 + 36+18 = 72. 
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The several integrals together with the expressions of the functions 
w2+2b’2+c and aa+2be+e 
which enter into the differential equation are as follows: 


z= a2 + 2b'z+ e= ae + Bb + e 
bk x az + 2bz+¢ ax? + 2ba +c 
(ET » a (x— 1} -2b (x-1)+c 
1 
ms » a + 2b + cx? 
l D 
toe D a@—2b(@-1)+e¢(a—-1) 
oe 
Fos, ” ax? + 2ba (a—1)+¢(x#—1) 
x— 1 
ve a (%@—1) + 2ba (x —1) + cx? 
2 E : $ LV 
Sei az? + bz a(+1)+b (el) 
(Go 1)? d a(2e-1)? +6 
GI S a(o 2 + ba? 
Ba 
SS dy j» a (x+ 1) + 4ba 
a 
ees a a (2a — 1)? + 4bx (a 1 
elo 
CR a(x — 2)? — 4b (x-1 
“4(@—1) g Le — 2)? -4b (w—1) 
3. (255) Feat ts IA eis A1 
EE 
Lal A b+c (2a 18 
2a -- 
( 23) 8 ba? + ¢ (a — 2)? 
a -- 2 
ety F 4bx +e(e+ 17 
(w+ 1) 
4æ (x — 1) i Abs: (a — 1) +¢ (2a — 1)? 
(2% —1) 
Sy Y — 4b (x — 1) + c (x — 2} 
Ev éi | 
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ss a'z? + 2b'z +e = ax? + 2bx + c= 
| 
4. SCH, az—(at+e)z+e a (a—1)? Ae 
— 4x (x— 1) K 4ax(x—-1)+e 
4 (x — 1) 
2 J — 4a (x — 1) + ca? 
4a 
GP WW 4ax +e (x- In 
-1 
E s a + 4cx (æ — 1) 
w 
TAY y ax? — 4e (x — 1) 
5. 
6. ; same as 2, 3, 4 interchanging æ and z. 
a 
z= a? + CET aa? + 2bx + c= 
(2-1) Aa 
8. = = ay vis AP äis | den +b (@— 1)? 
S 4(%-1) 
teu es) az’ + 4b (z — 1) — 4a (x — 1) — ba? 
1 
AME ET EEN 4az (z—1) +b a + 4bæ (x — 1) 
(2-1) 2 
9. = = 4a (æ — 1) a (z— 1) + 4bz 4ax (a-1)+b 
Ce NIR Se er des fe —1) +b 
4 (z—1) 
MO eer Whig vied dee — 4a (x — 1) + ba? 
4z w? 


10. | 42(2-1)=@ 2 


eben 
4 (z-1)_ (æ-1F 
ELE, "7 


4az(z—1)+6 


4az (z-1)+b 


-— 4a (z — 1) + b? 
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a (x— 1Y + 4bx 


10] ON A DIFFERENTIAL EQUATION. 25 


The six functions of the set (1), that is, 


e l-g’ ali £ 


3 


form a group; and by operating with the substitutions of this group, and of the like 
group 


E l—g 1 an Z gat 
z ADT gen A zZ 


H H 


upon any value of z in the sets (2), (3), (4), for instance upon el, we form all 
the 18 functions of these sets. 


In any one of these sets (2), (3), and (4), comparing two forms (the same or 
different), for instance in the set (2), writing y for z and then in one form z for z, 


H dk and y= ZE whence ot y= (ERY 
y EE os ? ee = Pens ae 


or 


2 2 2 2 
yo (EHI ma cb, whee (S22 = EF 
we obtain either the equations of the set (1) or those of the sets (8), (9) and (10); and 
whether we use the set (2), (3) or (4), the only new equations obtained are thus the 9 
equations of the sets (8), (9) and (10). These several equations present themselves 
however in different forms: for instance, instead of the equation 


(21 ye Ap 
Ae ` (#—1)’ 


` we may obtain 


Croy ie 


4z ER 


If, to get rid of this variety of form, we multiply out the denominators, the 9 
equations are 


A 


O= ære- 2æz— Zeat a -—12az+ o Ge B+ 1, 


0= #2 — l6zz + 16s + 162 — 16, 
0 = 16222? — 162z — 16x2 + 16xz — il, 
O= w#2?— Has + #+16xz — 16z , 
0= 162°z —l6*%#z- 2 + 2z- 1, 
0= 162°z —16e-—l6az+ 24162 ; 
Des eis — 2x2 +l6az+ 2-162 A 
0= 162 — æ — Les + Bn + I, 
0= 162+ æ— Lëns — 162? + 16z 


These 9 equations are derivable all from any one of them by the changes of the set (1) 
upon æ and z. 


Cambridge, 3rd June, 1879. 
C. XI. 4 


www.rcin.org.pl 


